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Abstract
We present a kind of generalized Vaidya solutions of a new cubic gravity in five dimensions
whose field equations in spherically spacetime are always second order like the Lovelock gravity.
We also study the thermodynamics of its apparent horizon and get its entropy expression and
generalized Misner-Sharp energy. Finally we present the first law and second law hold in this
gravity. Although all the results are analogue to those in Lovelock gravity, we in fact introduce
the contribution of new cubic term in five dimensions where cubic Lovelock term is just zero.
1 Introduction
It is generally believed that General Relativity is just an effective model at low energy despite of
its success in large scale and it should be replaced by an unknown theory called Quantum Gravity
in the UV regime. Before we find the complete quantum gravity, it is useful for us to study some
toy model by introducing some higher curvatures terms to GR, for example the Guass-Bonnet
term which naturally appears in low energy effective action of heterotic string theory[1][2] and also
can be derived by compactifying six dimensions in compact Calabi-Yau(CY6) threefold from R
4
term in the bosonic action of the eleven-dimensional supergravity limit of M theory [3][4]. On the
other hand, Gauss-Bonnet gravity could also be considered as a special Lovelock gravity [5] that
is a natural generalization of general relativity in higher dimensions. The Lagrangian of Lovelock
gravity is constituted of some extended Euler density and can be written as:
L = √−g
p∑
i=0
αiRi, (1)
where n is the dimension of spacetime, p ≤ [(n− 1)/2], αi are coupling constants with dimension
of [length]2i−2. Ri are generally considered as Euler densities :
Ri = 1
2i
δµ1ν1µ2ν2...µiνiα1β1α2β2...αiβi
i∏
r=1
Rαrβrµrνr . (2)
If we ignore the boundary term, we can define 2i-dimensional Euler number as
χ(M) =
(−)i+1Γ(2i+ 1)
2i+2piiΓ(i+ 1)
∫
M
d2ix
√−gRi. (3)
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A significant feature of Lovelock gravity is that its equations of motion are only second order with
respect to metric, which could be easily found by varying the Lagrangian (1) :
Gba =
1
2i+1
δbµ1ν1µ2ν2...µiνiaα1β1α2β2...αiβi
i∏
r=1
Rαrβrµrνr . (4)
By expanding the product in (2), it is easy to find the zeroth term is just a constant regarded as
cosmological term, the first term is just Einstein-Hilbert term, and the second is the Gauss-Bonnet
term as we mentioned before. But in fact because of the limitation of p, we can find the Lovelock
gravity equals to general relativity in four dimensions. In order to study the effect of higher order
terms, we have to consider higher dimensional spacetime,i.g.five dimensions where the Lovelock
gravity can contain the Gauss-Bonnet term but all other higher curvature terms in (1) vanish
identically.
Inspired by the BHT new massive gravity in three dimensions [6], the authors of Ref [7] found
by using some specific combinations of cubic curvature term in five dimensions, one can also get
a theory like three-order Lovelock theory. Especially its equations of motion are of most second
order in derivatives of metrics. The cubic term could be written as :
I = β
∫
d5x
√−gL, (5)
where β is a coupling constant and the Lagrangian is given by
L = 7
6
RabcdR
ce
bfR
df
ae+R
cd
ab R
be
cd R
a
e+
1
2
R cdab R
a
cR
b
d−
1
3
RabR
b
cR
c
a+
1
2
RRabR
b
a+
1
12
R3. (6)
We can get the equations of motion by varying the action with respect to metric
Eab =
7
6
[3R gahg R
prd
b R
h
pgr − 3∇p∇q(Rp qg hR g ha b −RphbgR gqha )−
1
2
gabR
mn
cdR
ce
nfR
df
me]
+ [RabcdR
cspqR dpqs −R qcda R hcdb Rqh +R dqcb R hadc Rqh −∇p∇q(RahR phqb +RahR hqpb
+RbhR
hqp
a +RbhR
phq
a +R
q
hR
h p
a b +R
p
hR
q h
a b +
1
2
(gpqR hcda Rbhcd + gabR
phcdRqhcd
− g pa R rcdb Rqrcd − g pb R rcda Rqrcd))−
1
2
gabR
cd
mn R
ne
cd R
m
e]
+
1
2
[RacR
fcd
b Rfd + 2RacbdRcfdgRfg +∇p∇q(RabRpq −R pa R qb + gpqRabcdRcd
+ gabR
pcqdRcd − g pa Rqcbd − g pB RqcadRcd)−
1
2
gabR
cd
mn R
m
cR
n
d]
− 1
3
[3RacbdR
ecR de +
2
3
∇p∇q(gpqR ca Rbc + gabRepR qe − g qb RqcRac − g pa RqcRbc)−
1
2
gabR
m
nR
n
cR
c
m]
+
1
2
[RabR
cdRcd + 2RR
cdRacbd +∇p∇q(gabgpqRcdRcd + gpqRRab − g qa g qb RcdRcd + gabRRpq
− g pb RR qa − g pa RR qb )−
1
2
RRmnR
n
m]
− 1
12
[3R2Rab + 3∇p∇q(gabgpqR2 − g pa gqbR2)− gabR3].
(7)
Because of the appearance of two covariant derivatives, the rather complex field equations are
fourth order in general. But we can find the trace of the field equation is proportional to its
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Lagrangian like the massive gravity as mentioned before. If we consider the static spherically
symmetric metric
ds2 = −f(r)dt2 + dr
2
g(r)
+ r2dΣ23, (8)
where dΣ3 is the line element of an Euclidian three-dimensional space with constant curvature
γ = ±1, 0, these gravitational field equations are then reduced to
Err = −
1
2fr6
(g − γ)2(2fg − 3rgf ′ − 2γf),
Ett = −
1
2r6
(g − γ)2(2g − 3g′r − 2γ),
Eij = −
γ − g
4f2r6
[gr2(γ − g)f ′2 + ff ′r(5g′rg + 4γg − 4g2 − γrg′),
+ 4f2r(γ − g)g′ − 2fgr2(γ − g)f ′′ + 4f2(γ − g)2]δij .
(9)
where a prime denotes derivatives with respect to r, and indices (i, j) run along the three dimen-
sional spatial manifold Σ3. We can find these equations contain only second order derivatives of
under these metric just like those in Lovelock gravity. By solving this system, one can find that
an nontrivial solution of the theory is
ds2 = −(cr2/3 + γ)dt2 + dr
2
cr2/3 + γ
+ r2dΣ23. (10)
Further more it turns out that the Brikhoff’s theorem remains valid in this theory [7].
In the remaining part of the paper, firstly we use the integration method [8] to show the cubic
gravity also exist generalizedMisner-Sharp energy. And then we pay our attention on the dynamical
black hole solutions of this new cubic gravity. We follow the methods used in study of Lovelock
gravity [9] to present a kind of similar generalized Vaidya spacetime solution in the cubic gravity.
Finally we present the existence of the first law and the second law of black hole thermodynamics.
2 Generalized Misner-Sharp energy in the cubic gravity
In order to compare with the Lovelock gravity, in this section we only consider the cubic term in
five dimensions. We take the spherically symmetric space-time in the double-null form as [8]:
ds2 = −2e−ϕ(u,v)dudv + r2(u, v)γijdxidxj . (11)
The equations of gravitational field can be written as
βEab = 8piGTab , (12)
where Eab is defined in (7). By using the metric in the double-bull coordinates, these equations
can be written explicitly as
8piGTuu = −3β (1 + 2e
ϕr,ur,v)
2(r,uϕ,u + r,uu)
r5
, (13)
8piGTuv = −βe−ϕ (1 + 2e
ϕr,vr,v)
2(1 + 2eϕr,ur,v − 3eϕrr,uv)
r6
(14)
8piGTuu = −3β r,vϕ,v + r,vv(1 + 2e
ϕr,vr,u)
2
r5
. (15)
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If we can define a generalized Misner-Sharp energy, the gravitational field equations should be able
to cast into the form(details could be found in the Ref [8] and we will review the process in the
next section) :
dEeff = AΨadx
a +WdV, (16)
where A = V3r
3 and V = V3r
4/4 are the area and volume of the 3-dimensional space with radius
r, the Ψ is the energy supply vector and W is the energy density. We can express the right hand
side as
AΨadx
a +WdV = A(u, v)du+B(u, v)dv, (17)
where
A(u, v) = V3r
3eϕ(r,uTuv − r,vTuu) (18)
B(u, v) = V3r
3eϕ(r,vTuv − r,uTvv). (19)
The generalized Misner-Sharp energy can be derived by integrating the last equation if it is inte-
grable. So the integrable condition has to be satisfied :
∂A(u, v)
∂v
=
∂B(u, v)
∂u
. (20)
Just like the case in the Lovelock gravity, we can easily find that the integrable condition can be
always satisfied by substituting the field equations in it. Then the generalized Misner-Sharp energy
expression could be found as :
Eeff =
∫
A(u, v)du +
∫
[B(u, v)− ∂
∂v
∫
A(u, v)du]dv (21)
=
βV3(1 + 2e
ϕr,ur,v)
3
16piGr2
. (22)
We can further express it in a covariant form as
Eeff =
βV3(1− habDarDbr)3
16piGr2
. (23)
As done in the the Gauss-Bonnet gravity[8], in this section we get the generalized Misner-Sharp
energy for the new cubic gravity term. If we compare the field equations and Misner-Sharp energy
with the contribution of the cubic term in the Lovelock gravity, we can find they are very familiar
in form regardless of the coefficients. But in fact as we all know in five dimensions the cubic
term in Lovelock theory can’t give any contribution to the field equations where the coefficients of
the cubic term always vanish. This is why we consider the new cubic gravity in five dimensions
which is interesting due to Ads/CFT correspondence, we can regard it as the extension of Lovelock
theory in five dimensions (of course in the complete theory we should add the cosmological term,
Hilbert-Einstein term and Gauss-bonnet term together).
3 Generalized Vaidya spacetime in the new cubic gravity
3.1 Generalized Vaidya solution
Vaidya found an exact solution of the Einstein equation field equations with radiation matter in
four dimensions:
ds2 = −[1− 2M(v)
r
]dv2 + 2dvdr + r2dθ2 + r2sin θ2dφ2, (24)
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where M(v) is an arbitrary function of v. It can be regarded as a non-stationary Schwarzschild
spacetime where there is an outgoing spherically symmetric radiation of massless particles. The
apparent horizon is located at r = 2M(v), the energy momentum tensor is given by Tab = µlalb,
where la = (1, 0, 0, 0) and µ is the energy density of the radiation matter. In this section we
want to show there is also a kind of generalized solutions in the new cubic gravity and study the
thermodynamics of the apparent horizon of this dynamical black hole in five dimensions. First we
assume a five-dimensional metric similar as (24)
ds2 = −f(v, r)dv2 + 2dvdr + r2dΩ23, (25)
and we can express the components of Hab in gravitational field equations (9) as:
Hvv =
(−1 + f)2(2− 2f + 3rf,r)
2r6
, (26)
Hrr = H
v
v , (27)
Hrv = −
3(−1 + f)2f,v
2r5
, (28)
Hij =
1
r6
(−1 + f)(2 + 2f2 + 4rf,r + 2r2f2,r − r2f,rr + f(−4− 4rf,r + r2f,rr))δij . (29)
From these field equations it is explicit that they are only of most second order in derivatives
which is a motivation for us to consider the new cubic gravity. In fact if we define a new function
F (v, r) = 1−f(v,r)r2 then we can simplify these equations as:
Hvv = H
r
r = −
1
2r3
∂(F 3r4)
∂r
, (30)
Hrv =
r
2
∂F 3
∂v
, (31)
Hij = −
δij
2r3
∂2(F 3r4)
∂2r
. (32)
We don’t really regard the third equation as an independent one, because it’s easy to find the
relation
Hij = δ
i
j(r
∂Hvv
∂r
1
3
+Hvv ). (33)
In order to find some solutions of the field equations, we should priorly assume a reasonable energy
tensor. Of course the simplest assumption is the same case as in the Vaidya spacetime.
• case 1
In this case, we take the energy momentum tensor as Tab = µlalb, where la = (1, 0, 0, 0). So we
have
βHrv = 8piGµ H
v
v = H
r
r = 0 = H
i
j (34)
Solving these equations, we can obtain
βF 3 =
16piGm(v)
Ω3r4
, (35)
8piGµ = −β r
2
∂F 3
∂v
=
8piG
r3
∂m(v)
∂v
, (36)
wherem(v) is an arbitrary positive function of v, which appears as an integration constant. Eq(36)
tells us with
µ =
m,v
Ω3r3
. (37)
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• case 2
We can generalize the last solution to a more general case by assuming the energy momentum
tensor has the form T ij = σT
v
v = σT
r
r . In addition to the field equations, we also have the
constraint ∇aT ab = 0 which can be explicitly expressed as
b = v, ∂vT
v
v + ∂rT
r
v +
3
r
T rv = 0, (38)
b = r, ∂rT
r
r +
3
r
(1 − σ)T rr = 0. (39)
We can get
T rr = T
v
v = −C(v)r3(σ−1), (40)
where C(v) is a function of v. So from the field equations, we have
8piGC(v)r3σ =
β
2
∂(F 3r4)
∂r
. (41)
with the solution
βF 3 = 16piG[
m(v)
Ω3r4
+
C(v)Θ(r)
r4
]. (42)
The function Θ(r) is defined as
Θ(r) =
∫
drr3σ =
{
ln r, σ = −1/3
r3σ+1
3σ+1 , σ 6= −1/3
(43)
Considering the field equation 8piGµ˜ = −β r2 ∂F
3
∂v , we can find
T rv = µ˜ =
∂vm(v)
Ω3r3
+
∂vC(v)Θ(r)
r3
. (44)
The first term is just what we got in the case 1. The generalized Vaidya solution is very similar to
the contribution of the cubic term in the Lovelock gravity except for the difference in the factor.
In order to be beneficial for us to study the thermodynamics of the black hole in next section, we
express the energy momentum tensor in a covariant form as
Tab = µ˜lalb − P (lanb + nalb) + σPqab, (45)
where P = T rr = −C(v)r3(σ−1), the na is the null vector which satisfies lana = −1, qab is the
projection operator defined as qab = gab + lanb + lbna. Thus the metric can be written as gab =
hab + qab, where the metric hab of 2-dimensional spacetime transverse to the 3-dimensional sphere
is −(lanb + lbna). In the coordinates (25), we have
la = (1, 0, 0, 0, 0), and na = (f/2,−1, 0, 0, 0). (46)
3.2 Thermodynamics on the apparent horizon
In this section we will focus on the apparent horizon of the black hole in the dynamical Vaidya
spacetime rather than the event horizon of stationary black hole, which is the boundary of the
past of future infinity. For a dynamical black hole, the dynamical horizon and the outer trapping
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horizon are not null hypersurfaces but spacelike hypersurfaces. So the Wald entropy formula [10]
associated with event horizon may not be applicable. Before we discuss the entropy and the energy
associated with apparent horizon, we firstly review some works of Hayward [11, 12, 13] which is
focused on four-dimensional Einstein gravity. From these works, we can find the deep relation
between the equations of motion of gravitational fields and thermodynamics of spacetimes.
Consider an n-dimensional spherically symmetric spacetime whose metric is in the double null form
ds2 = habdx
adxb + r2(x)dΩ2n−2, (47)
where xa are coordinates of the two-dimensional spacetime (M,hab) which is transverse to the
(n− 2)-dimensional sphere. Then we need to define three important physical quantities : the work
density W = −1/2habTab which corresponds to the work term in the first law, and the energy
supply Ψa = T
b
a∂br +W∂ar, and the Misner-Sharp energy inside the sphere with radius (r) :
E =
(n− 2)
16pi
Ωn−2r
n−3(1− hab∂ar∂br). (48)
By using these quantities, we can put some components of the Einstein equations into the form
called unified first law:
dE = AΨ+WdV, (49)
where A = Ωn−2r
n−2 and V = Ωn−2r
n−1/(n − 1). Defining a new operator δ as: take a Lie
derivatives with respect to ξ and then evaluate it on the apparent horizon. The vector ξ is tangent
to the trapping horizon of the spacetime. And Hayward showed that on the trapping horizon, one
can find the relation:
AΨadx
a =
κ
8pi
LξA = κ
2pi
LξS = TδS, (50)
where S = A/4, T = κ/2pi, surface gravity κ = DaDar/2, the covariant derivative operator D is
associated with metric hab. The last equation can be understood as the Clausius relation δQ = TδS
with δQ = AΨadx
a. After projecting the unified first law onto the trapping horizon, we can get
the first law of thermodynamics :
δE = TδS +WδV (51)
But these results are only applicable for Einstein gravity i.e., the case without any higher order
curvature corrections in this action. Following the Refs [14, 9] in order to deal with these corrections
terms like the Lovelock terms or others, we can rewrite the complete equations of motion Gab =
8piT
(m)
ab into the standard form :
Gab = 8piTab = 8piT
(m)
ab + 8piT
(e)
ab , (52)
where T
(e)
ab = −Gab +Gab can be regarded as effective energy momentum tensor coming from the
corrections term in the action. Then in the two-dimensional spacetime (M2, hab) we can define the
similar work term and the energy supply :
W = −1/2habTab =W (m) +W (e), (53)
Ψa = T
b
a∂br +W∂ar = Ψ
(m)
a +Ψ
(e)
a . (54)
From these definitions, we can rewrite the unified first law as
dE −AΨ(e) −W (e)dV = AΨ(m) +W (m)dV. (55)
The left hand side of the equation is totally determined by geometry and the right hand side is
about the matter . If one also wants to get a generalized fist law and the first law of thermody-
namics for a new gravity theory, one should deal with two things :
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Firstly, the left hand side should could be written into a totally derivative form dEL, then by this
way we can get the generalized Misner-Sharp energy EL. In the last section, we directly use this
way to get the Misner-Sharp energy (23).
Secondly, on apparent horizon AΨ
(m)
a ξa = κ/(8pi)δA−AΨ(e)a ξa should be able to cast into a form
TδS of the Clausias relation just as in Einstein gravity.
Of course not all gravity theories can be able to realize the two points, for example the f(R) theory
and scalar -tensor theory are two examples[14]. But in the following content we can find that the
new cubic theory can be done in this way just like the Lovelock theory.
In the generalized Vaidya spacetime (25) where the horizon is located at rA determined by
f(v, rA) = 0, it is easy to find κ = ∂rf(v, r),
W = −T r(m)r = −P = C(v)r3(σ−1) (56)
Ψ(m)a = µ˜la = −T r(m)v la, (57)
and check that these quantities satisfy the unified first law. On the apparent horizon, we should
set a tangent vector ξa on the horizon as
− ξa = (∂vf
2κ
)la + na, (58)
which is opposite to the case in [9]. The first one can be easily checked by substituting the field
equations for the cubic theory to the equation (55), hence the function EL can be expressed as
EL = β
Ω3
16pi
(1− f)3
r2
(59)
= β
Ω3
16pi
(1− habDarDbr)3
r2
. (60)
The covariant form is explicitly same with what we got in the previous section. This means that
we can also get a generalized unified first law in the Vaidya spacetime for the new cubic theory:
dEL = AΨ
(m) +W (m)dV. (61)
In order to study the thermodynamics on the apparent horizon, we start with the Clausius-like
equation:
AΨaξ
a = AΨ(m)a ξ
a +AΨ(e)a ξ
a =
κ
8pi
δA. (62)
We should emphasize that the heat flow δQ should be determined by the matter energy momentum
tensor, so it should be defined as:
δQ ≡ AΨ(m)a ξa = Aµ˜laξa = Aµ˜ (63)
According to the result we got in the previous section, it is easy to find
− 2Aµ˜ = β 3A∂vf
8pir5
, (64)
δQ = Aµ˜ = − κ
2pi
(
∂vf
2κ
)
3Aβ
4r5
. (65)
If we define the temperature by T = κ/2pi and the entropy of the apparent horizon by
S = −β 3A
4r4
, (66)
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then we can get the Calusius relation δQ = TδS which is required by the first condition. After
projecting the generalized first law (61) on the apparent horizon with W (m) = −P , we obtain first
law of the apparent horizon:
δEL = TδS − PδV, (67)
which can be understood as a version of physical process for the first law of black hole thermody-
namics i.e., an active version of the first law.
On the other hand we can understand the first law from a passive version by considering a small
perturbation to state of the dynamical black hole. We use the operator ”∆” to denote the variation
of two nearby points in the solution space.e.g, rA and rA +∆rA. With considering the condition
f(rA, v) = 0 on the horizon, the temperature κ, energy inside the apparent horizon ML and the
pressure P on it are, respectively,
κ =
1
6β
(−2β 1
rA
+ 16piC(v)r
(3σ+2)
A ), (68)
ML = β
Ω3
16pi
r−2A , (69)
P = −C(v)r3(σ−1)A , (70)
S = −β 3A
4r4A
. (71)
Then it is easy to show the first law in passive version
∆ML = T∆S − P∆V (72)
is satisfied.
4 Some Discussions
4.1 The complete cubic gravity theory in five dimensions
As we said at the beginning of the article, the motivation for us to consider such kind of cubic
term is to extend the Lovelock gravity in five dimensions. So the cubic gravity should have many
similarities with the Lovelock gravity. Firstly, we can find their gravitational field equations are all
at most second order in derivatives in spite of the complexity of their actions. Secondly, we can also
find the similarities in the thermodynamics of solutions in these two theories. So in order to make
it clear, we can compare these results with those in the Lovelock theory in arbitrary spacetime
dimensions n [9].
The Lovelock theory exists the generalized Vaidya spacetime solutions[9]:
p∑
i
ci
(n− 2)!
(n− 2i− 1)!F
i = 16piG
( m(v)
Ωn−2rn−1
+
C(v)Θ(r)
rn−1
)
, (73)
T rv = µ˜ =
∂vm(v)
Ωn−2rn−2
+
∂vC(v)Θ(v)
rn−2
, (74)
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where p = [(n− 1)/2], ci are arbitrary constants with dimension of [length]2i−1
Associated Thermodynamics functions are:
entropy of apparent horizon : S =
A
4
p∑
i
ci
i(n− 2)!
(n− 2i)!r
2−2i
A , (75)
generalized Misner-sharp energy : EL =
Ωn−2
16pi
p∑
i
ci(n− 2)!
(n− 2i− 1)!r
n−2i−1(1− f(v, r))i, (76)
the first law of apparent horizon : δEL = TδS − PδV. (77)
From these expressions of the cubic term,i.e. i = 3 term, one can find they are almost same with
what we got in the previous section for the cubic gravity. So in fact after a replacement as :
ci
(n− 2)!
(n− 2i− 1)! |i=3=⇒ β, (78)
and taking spacetime dimension as 5, these results are actually same. But we should stress that it
doesn’t mean the two theories are equivalent because the factor ci
(n−2)!
(n−2i−1)! is not meaningful for
n = 5, i = 3 because of the limitations p = [(n − 1)/2], for Lovelock theory. So we can consider
the new cubic theory (2) as a good extension for Lovelock theory in five dimensional spherically
spacetime.
One natural question is why these two theories are so similar? Maybe the answer has been given
in the construction of the cubic term by the authors of [7] who consider the new theory initially
in order to present another linearly independent cubic curvature invariant that has same property
with pure quadratic BHT in three dimensions. The cubic curvature invariant (2) can be written
in two parts:
L : 1
2k
(
1
D − 2k + 1)δ
a1b1···akbk
c1d1···ckdk
(Cc1d1a1b1 · · ·C
ckdk
akbk
−Rc1d1a1b1 · · ·R
ckdk
akbk
)
−αkCakbka1b1Ca1b1c2b2 · · ·C
ak−1bk−1
akbk
,
(79)
where the Cabcd is the Wely tensor and
αk =
(D − 4)!
(D − 2k + 1)!
[k(k − 2)D(D − 3) + k(k + 1)(D − 3) + (D − 2k)(D − 2k − 1)]
[(D − 3)k−1(D − 2)k−1 + 2k−1 − 2(3−D)k−1] .
The first part invariant containing the kth Lovelock invariant and a term proportional to (Wely)k,
can give field equations whose trace is of second order in all dimensions [15]. And the second
part is an appropriate multiple of (Wely)k. Then substraction of the two terms can make all the
components of the field equations arising from the invariant (79) to be of second order. If we set
D = 5, k = 3 then we can get the invariant (6). So we can find the reason for similarity between the
new cubic term and Lovelock just is the construction of (79) which only retains the contributions
of the cubic Lovelock term and the numerical factor 1/(D − 2k − 1) which makes the final result
meaningful rather than to be zero contributing by the cubic Lovelock term in five dimensions .
In the previous sections, we have only considered the cubic term (2) for simplicity. Of course we
can supply the i = 0, 1, 2 Lovelock term, i.e., the cosmological term, Hilbert-Einstein term and
the Gauss-Bonnet term and obtain a complete theory in five dimensions as the extension of the
Lovelock theory.
As a result, we have
S =
1
16piG
∫
d5x
√−g((R − 2Λ + αLGB + βLcu) + Lm), (80)
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where LGB = R
2 − 4RµνRµν +RµνρσRµνρσ is the Gauss-Bonnet term, Lcu is the new cubic term
(2), Lm is the lagrangian of matter. By varying the action with respect to metric, we can get the
gravitational field equations:
8piGTµν = Gµν + αMµν + Λgµν + βHµν , (81)
where the Hµν is given by (7) and
Gµν = Rµν − 1
2
Rgµν , (82)
Mµν = 2(RRµν − 2RµαRαν − 2RαβRµανβ +R αβγµ Rναβγ)−
1
2
gµνLGB. (83)
And we can get the following results by parallel analysis about thermodynamics between the
Lovelock theory and new cubic term:
entropy of apparent horizon : S =
A
4
(1 + 12αr−2A − 3βr−4A ) (84)
generalized Misner-sharp energy : EL =
Ω3
16pi
[−1
2
Λr4 + 3r2(1− f) + 6α(1− f)2 + βr−2(1− f)3]
(85)
the first law of apparent horizon : δEL = TδS − PδV (86)
4.2 The second law.
Recently, Wall show presents that the second law of black hole thermodynamics holds for arbitrarily
complicated theories of higher curvatures gravity when considering only linearized perturbations
to stationary black hole [16]. In this subsection we would like to to check if the cubic theory
obeys the second law of thermodynamics in the generalized Vaidya spacetime. We should stress
the Vaidya spacetime is not stationary, so it is not contained in Wall’s conclusion. But this kind
of spacetime would make us able to directly use the positive version to consider the variation of
black hole entropy rather than perturbation. We can find not only the Lovelock theory but also
the new cubic theory obeys the second law. The key point is that the null energy condition(NEC)
behaves as in the Einstein-Hilbert theory where the NEC implies that the area of any future event
horizon is always increasing.(Wall has found the mth term in Lovelock gravity in 2m dimensions
can violate the classical second law because of the abrupt change of entropy within the merger of
two black hole[17]. But this special condition doesn’t happen in our case.)
We start from the Lovelock gravity. From the entropy of apparent horizon (75), we can get
∂S
∂v
=
Ωn−2
4
p∑
i
ci
i(n− 2)!
(n− 2i− 1)!r
n−2i−1
A
∂rA
∂v
. (87)
Then we consider the NEC.i.e., Tabn
anb ≥ 0, where the na is arbitrary null vector. By using the
covariant form (45), it is easy to show that
Tabn
anb = µ˜ ≥ 0. (88)
From equations of gravitational field, we can have
p∑
i
ci
(n− 2)!
2(n− 2i− 1)!F
i = 16piG
(
m(v)
Ωn−2rn−1
+
C(v)Θ(r)
rn−1
)
(89)
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8piGµ˜ =
p∑
i
ci
i(n− 2)!
2(n− 2i− 1)!
∂F i
∂v
(90)
T rv = µ˜ =
∂vm(v)
Ωn−2rn−2
+
∂vC(v)Θ(r)
rn−2
≥ 0 (91)
Then considering the field equation (73) on the horizon rA, we have
p∑
i
ci
(n− 2)!
(n− 2i− 1)!r
n−2i−1
A = 16piG
(
m(v)
Ωn−2
+ C(v)Θ(rA)
)
. (92)
After taking differentiation with respect to the v, we can get
p∑
i
ci
(n− 2)!
(n− 2i− 2)!r
n−2i−2
A
∂rA
∂v
= 16piG
(
rn−2A µ˜+ C(v)r
(n−2)σ
A
∂rA
∂v
)
, (93)
and further
(
p∑
i
ci
(n− 2)!
(n− 2i− 2)!r
n−2i−2
A − 16piGC(v)r(n−2)σA )
∂rA
∂v
= 16piGrn−2A µ˜ ≥ 0. (94)
Then considering the component T vv of equations of gravitational field:
p∑
i
ci
(n− 2)!
2(n− 2i− 1)!
∂(rn−1F i)
∂r
= 8piGC(v)r(n−2)σ , (95)
we have a useful form on the horizon:
p∑
i
ci
(n− 2)!
2(n− 2i− 2)!r
n−2i−2
A +
p∑
i
ci
i(n− 2)!
2(n− 2i− 1)!(−
∂f
∂r
)
∣∣
r=rA
rn−2i−1A = 8piGC(v)r
(n−2)σ
A . (96)
(If n− 2i− 2 < 0, this term is just 0)
Substituting (94) to (96),we obtain:
p∑
i
ci
i(n− 2)!
(n− 2i− 1)! (+
∂f
∂r
)
∣∣∣∣
r=rA
rn−2i−1A
∂rA
∂v
= 16piGrn−2A µ˜ ≥ 0. (97)
The left hand side of last equation is actually T∂vS, so we have proved the second law:
∂S
∂v
≥ 0. (98)
Further we can use the same process to prove the second law of thermodynamics for the single
cubic gravity and complete cubic gravity in five dimensions. What we need to do is to take space-
time dimension n as 5 and to do the replacement (78). As we mention in the beginning of the
subsection, the key point of the proof is the NEC.
In the end, we want to stress our motivation is to consider the cubic gravity as the extension of
Lovelock gravity in five dimensions and as an useful concrete model for the Ads/CFT correspon-
dence in 5 dimensions. At the same time with the paper [7], the authors of [18] also independently
found a equivalent cubic invariant by using another method and studied the black solutions in the
theory. They also gave the physical constraints on the couplings in the gravitational theory, inves-
tigated hydrodynamics aspects of the dual gauge theory, and also examined holographic version of
the c theorem in [19, 20].
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